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Chuyén dé 1: PA THUC

L. Pa thidc : (Pa thifc mot bién)
1. Pinh nghia: Pa thic bac n theo x (ne N) 1a biéu thifc ¢6 dang
P(x)=a x" + an_lx“’l +..+ax+a, v6ia, #0
Cécsd a,,a,,...,a, goild cdché s§,n goila bac cla da thic P(x)

Vidu: P(x)=2x’-9x*+12x -4 1a da thic bac ba.

2. Pa thifc dong nhat:
a) Pa thiic dong nhat:
Pinh nghia : Pa thic ddng nhi't 13 nhitng da thitc luén ludn c6 cung gia tri véi bat it gia tri
nao cia bién so.

e N&uP(x) vad Q(x) I2 hai da thic ddng nht ta ky hiéu : P(x)=Q(x)
[P()=Qx) | <[ VxeR:P(x)=Q(x)]
b) Pa thitc dong nhat khong:

Pinh nghia : Pa thifc dong nha't khong 1a nhitng da thic luon ludn bing 0 véi bat cif gid tri
nao cia bién s6

e N&u P(x) da thifc ddng nhat khong ta ky hiéu : P(x)=0

[P(x) = O] = [Vx eR:Px)= O]

a =0
n
a =0
A 2 _ n n-1 — .
Hé qua: P(x)=a x"+a x" +..+ax+a, =0
a,=0

Vi du: Tim cac hang s6 A, B, C sao cho 3x* +3x +3 =A(x+2)+B(X—1)(x+2)+C(x—l)2 v&i moi x

Vi du: Tim cic hé s6 a, b dé da thirc P(x) = x* 4 2x* + ax” + 2x + b 1a binh phuong ciia mét da thirc
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Bai giai:
Gid su
}(44—2x3—|—ax2—|—2X—1—b:(X2—I—rnx—{—n)2 vO1 moi X
=x"+2x +ax’ +2x+b=x"+m’x’ + n° + 2mx’ + 2nx’ + 2mnx vO1 moi x
:>(2m—2)x3+(m2—|—2n—a)x2+(2mn—2)x—|—n2—b:O vOi moi x
Ap dung dinh Iy vé da thic ddng nhat khong ta duoc:
2m—-2=0
m’ +2n—a =0
2mn -2 =10
n’—~b=0
m=1
n=1 )
Giai hé taduge: | . Vaykhia =3 b=1thi x'+2x" +3x" +2x +1=(x’ +x+1)
b=1

3. Nghiém cua da thic:
e N&u khi x = a da thic P(x) ¢é gid tri biing 0 thi ta n6i a 1a mot nghiém cua P(x)

[a 1a mdt nghiém cua P(x)](d:n)[P(a) = O]

Vi du: Cho phuong trinh 2x* —5x” +6x” =5x+2=0 (1)
Chtrng minh rang x =1 1a nghiém cua phuong trinh (1)

4. Phép chia da thidc:

Pinh 1y: Cho hai da thitc P(x) va Q(x) khidc khong. Ton tai duy nha't da thitc h(x) va r(x) sao cho
P(x) =Q(x).h(x)+r(x)

Trong d6 r(x) =0 hodc r(x) # 0 va bac ctia r(x) nhd hon bac ciia Q(x)

Pa thic Q(x) goi la thuong va da thic r(x) goi 1a du clia phép chia P(x) cho Q(x)

Vi du 1: Tim thudng va du ctia phép chia da thiic P(x) =2x’ —9x* +12x —4 cho da thic x -1

Vidu 2: Cho da thirc P(x) = x" —3x* + bx* +ax+b va Q(x) =x" —1
Tim a, b dé f(x) chia hét cho g(x).

Bai giai:

Vi P(x):Q(x) nén ta co thé gia sir rang P(x (x —1) (x) (1) v&i moi x

Thay x = 1 vio hai vé ctia (1) ta duoc: P() 1-3+b+a+b=0=>a+2b=2 (2)

Thay x = —1 véao hai vé cta (1) taduge: P(—1)=1+3+b—a+b=0=-a+2b=-4 (3)
1

Tu (2) va (3) ta suy ra dugec a = 3;b = 5
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5. Pinh 1§ BEZOUT (B¢ -Du) (1739 - 1783)

Dinh Iy BEZOUT:

Vs

DPinh 1y: Trong phép chia P(x) cho (x - a) thi s6 dula R =P(a)

Chirng minh:
Chia da thirc P(x) cho (x - a), gia st dugc thuong la Q(x) va du la héng s6 R. Ta co:

P(x) = (x — a) Q(x) + R véi moi x
Do d6 voi x =a thiP(a) = 0.Q(a) + R = R = P(a) (dpcm)

Hé qua: | P(x) chia hét cho (x—a) | <> [ P(a)=0]
Hé qui: Da thitc P(x) c¢6 nghiém 12 a khi va chi khi P(x): (x-a)
[P(a)=0 |<[P(x) = (x-2).Q(x), trong d6 Q(x) la mot da thifc]

Vidu: Cho P(x) =x+x’ +x’ +x77 +x* +x°*
Tim du cta phép chia P(x) cho x—1

6. S6 40 HOOCNE Horner 1786 - 1837)

D& tinh cdc hé sd clia da thifc thuong va du ctia phép chia da thitc
P(x)=a x" + a“flx“’1 +...+ax+a, cho(x-a)taco thé diing so 46 HOOCNE sau diy

an n-1 n-2 a'1 a()
a b, n-1 n-2 b, b,
Trong do:
b =a,
b, ,=ab, +a_ ,
b, ,=ab, ,+a, ,
b, =a.b, +a,
Khi do:

o P(x)=(x—2a).Qx)+r
e Thuongla : Q(x)=b x"'+b_x"?+...+b
e Dula :r=b,

Vidu 1: Tim thuong va du ctia phép chia da thiic P(x) =2x’ —9x* +12x —4 cho da thitc x -1

Vi du 2: Tim thuong va du ctia phép chia da thitc P(x) =2x"* —3x*> +4x -5 cho da thitc x +1

1
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7. Phan tich da thirc ra thira so6
Dinh ly: Gid sir da thic P(x) =a x" +a__

IXH +..+ax+a, (a, =0)connghiemla x,x,,...,x,

thi
P(x)=a, (X — xl)(x — x2>...(x - Xn)
Vi du: Phan tich da thirc P(x) = x* + 9x” + 11x — 21 thanh nhan ti
3 2 _
Vi du: Rut gon phéan thuc A = X oA ox+4

x*—7x* +14x -8
- Hét
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Chuyén dé 2:

BIEN POI CAC BIEU THUC NGUYEN VA PHAN THUC

L. MOT SO KIEN THUC CO BAN CAN NHO:

Ciéc hiing diing thifc co ban va mé rong :
1. (a+b)Y =a” +2ab+b’
2. (a=b) =a* -2ab+b’
3. a*-b* =(a+b)a-D)
4. (a+b) =a’ +3a’b+3ab’ +b* > a’ +b* =(a+b)’ —3ab(a+Db)
5. (a-b) =a’ -3a’b+3ab’> -b’
6. @’ +b’ =(a+b)(a* —ab+b*)
7. @ -b’ =(a-b)(a* +ab+b*)

8. (a+b+c)Y =a* +b* +c* +2ab+2ac+2bc

9) (a+b+c)’ =a’+b’+c’ +3a’b+3ab” +3a’c +3ac® +3b’c +3bc® + 6abe

=a’+b’+c’+3(a+b)(b+c)(c+a)
10) @’ +b’ +c’ =3abc=(a+b+c)a*+b° +c¢* —ab—ac—bc = %(a+b+c)[(a—b)2+(b—c)2+(c—a)2]

Hé qui: N&u a+b+c=0 thi a’+b’+c’ =3abc
11) a"-b" =(a—b)(a"_1+an_2b+...+bn_l)

Vi du 1: Rut gon cac phan thuc sau
) A= 2x +1 N 1-2x B 2 :
4x -2 4x+2 1-4x
%) B_4x2—(x—3)2_ x? -9 +(2X—3)2—X2
9(x2—1) (2x+3)2—x2 4X2—(X+3)2
Vi du 2: 1) Tim gi4 tri nho nhét cia biéu thire: A =2x* —6x +1
2) Tim gia tri I6n nhat cta biéu thire: B =—x*—y* + xy+2x +2y
Phuong phap:
Pé& tim GTLN ctia biéu thic A (phu thudc vao mdt hay nhiéu bi€n) ta ¢ thé thuc hién nhu sau:
Budc 1: Chitng minh : A < hiing s6 M
Buéc 2: Chiracic biéndé A=M
Bué6c 3: K&t luan GTLN clia A 1a M.
P& tim GTNN ctia biu thitc A (phu thudc vio mot hay nhiéu bién) ta c6 thé thyc hién nhu sau:
Buéc 1: Chitng minh : A > hing s6 m
Bué6c 2: Chiracicbi€ndé A=m
Bu6c 3: K&t luAin GTNN ctia A 1A m
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Vi du 3: Ching minh ring néu a” +b” +c¢”° =ab+bc+ca thia=b=c¢

IL. BAI TAP REN LUYEN:

x+2 2 _3.2—4x_3x—x2+1
3x x+1 T x+1 3x

1) Rut gon M thanh mdt phan thue

2) Véigid trinao cuax thi M <0

3)Tim x € Z @Llez
M

Bai 1: Cho M =

Bai gidi:

x =0 x=0

1) Pidukiéncuabiénla: {x +1=0 < {x=—1

2—4x =0 1
X = —
2
Khi do:
_ 2
M — X+2+ 2 _3:2 4x  3x—x +1
3x x+1 x+1 3x
C(x+2)E+D+6x—9x(x—1) 2—4x 3x—x"+1
3x(x+1) S x+1 3x
_ 2 — 8x” .2—4X_3X—X2+1
C3x(x+1) x+1 3x
_C2(1+2x)(1-2x) x+4+1  3x-x"+41
3x(x+1) 2(1-2x) 3x
_142x 3x—x'+1
3x 3x
_XQ—X_X—]_
3x 3
2) Taco: M<0&ex—-1<0ex<1
x <1
x =0

Két hop voéi dieu kién cua bieén ta co két qua: (¢ - 1

1
X = —
2
3)Tacé:i: 3
M x-1
.1 . .
bé MGZ khi x € Z thi ta phai co:
x—1=1 x =2
x—1=-1 x=0
x—1laudccial & &

x—1=3 x =4
x—1=-3 X =-—2

Doi chicu véi dieu kién ciax tacodapsdla: x = —2;x =2;x =4
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3x ++9x — 3 1 N 1 ol 1
X+JUX -2 JX—-1 Jx+2 x—1

Bai 3: Cho biéu thie P = [

Bai giai:
‘ o [x=o0
Piéu kién cua bién Ia :
x =1
a>0
Pat: Vx = a voi . Khi d6:
a=1
2
P_ 3a2+3a 3+ 1 n 1 9l 21
a”+a—2 a—1 a+2 a”—1

3’ +3a-3+a+2+a—-1-2(a"+a-2) 1
(a—1)(a+2) at -1
a’ + 3a 42 1
Ta-D@+2) a1
(a+2)a+1)

_m.(aQ —l)z(a—l—l)

Vay: P = (Vx + 1)’
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BAI TAP TUONG TU TU GIAI:
Bai 1: Cho biéu thire: M = [X‘& tl x-1
x—1 Jx —1

Tim céc gia tri cua x dé M c6 nghia, khi d6 hay rat gon M.

05

Jx—1

x>0 _
Deipsé:[ ;M:2 VX
x =1 X
BéiZ:Chobiéutht’rc:M:[ VX +2 _ﬁ+3_\/§+2];[ _ X ]
X—0J/x+6 2—-Vx Jx-3 Vx +1
Tim céc gia tri ciia x dé M c6 nghia, khi d6 hay rat gon M.
x>0
Pap sé: 1x = 4:M = XX+
x—4

x=9

2X—1+J§+2X\/§+X—\/§ (x —VX)(1—VX)

Bai 3: Cho biéu thttc: M =1 —

1-x 14+ xJx 2Vx —1
Tim cac gia trj ciia x @& M c6 nghia, khi d6 hay rut gon M.
x>0
Dap s6: XIl;M:;
x—+x+1
X = —
L
Bai 4: Cho bidu thite: M = —2YX =9 2VX+1, Jx+3
X—=50J/x+6 Jx-3 2-Jx
Tim cac gia tri cua x d¢ M c6 nghia, khi d6 hay rut gon M.
x>0
. 1
Pap sé: 1x = 4:M = XX+
vx =3

x=9
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BAI TAP TU LUYEN
.. N 1 PO o P
Bai 1: Cho x#0 va x+—=a la mot hdng s6 . Tinh theo a cac bi€u thic :
X
A=x3+i3 ; B=x6+i6 ; C=x7+i7
X X X
Bai giai:
A L A ” n+1 1 n 1 1 n—1 1 1
Ta ludn co6 hé thire: x +—=|x"t—||x+= +——|voin>1
X X X X
1 1 1 1
Chon:2tasécé:x3+—3:[x2+—2][x+—]—[x+—]
X X X X
o1 1Y 5
Voi x" +— =|x+—| —2=a" -2
X X
Ta tinh duoc:
A=2a’-3a

B

2
P3+jﬁ —2269—3®2—2=a6—&f+9¥—2
X

C:(x4+L][X3+i3]—[X+l]:a7—7a5+14a3—7a
X

4
X X

Bai 2: Cho x >0 théa man x> +i2 =7 . Ching minh ring x° + i 1a mot s6 nguyén. Tim sé nguyén do
X x’

Bai gidi:
s 1 , 1 1 |
Taco: x" +—=|x +—||x+—|—|x +—
X X X X
1Y 1 1
Do: [x—l——] :x2+—2+2:7—|—2:9:>x+—:3 (dox>0)
X X X
Mt khac:
Xg—i—%:[){?—i—%][x—f—l]—[x—l—l]:?.S—S:lS
X X X X
1 1Y
Va x4+—4:[x2+—2] —2=49-2=47
X X
Nén x5+i5:[x4+i4](x+1]—(3+i3]:47.3—18:123
X X X

Bai 2: Cho ba s6 x,y,z thda man dong thdi :
X2 +2y+1=0
y2+21+l=0
Z+2x+1=0

Tinh gié tri cia biéu thic : A = x20 4 52009 4 2009

Bai gidi:
Cong tung ve cac dang thuc da cho va bién doi ta duoc;
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x+1=0
x+1+(y+1)+@z+1)=0=>{y+l=0=>x=y=x=—1
z+1=0
Véy A:(_1)2009 _"_(_1)2009 +(_1)2009 :_3
N a4_l6 2 .z . A 9 g 2 .z . A
Bai 4: Cho M =—; 3 3 . Tim céc gia tri nguyén cua a dé M c6 gid tri nguyén
a —4a’ +8a”—16a+16
Bai giai:
Rut gon biéu thitc M
4
-1
M=— 3(1 26
a’ —4a’ +8a”—16a+16
B a*-16
(a—2)(a3 -24° +4a—8)
(a2+4)(a+2)(a—2)
(a-2)(a-2)(a*+4)
Véia = +2 thi A= 22
i a—2
TmacZ de AcZ
Tiép tuc bién déi A thanh A = 2 2,4
i a—?2 a—2
bé A €Z khi a € Z thitaphai co:
a—2=1 a=3

a—2=-1 a=1
o a—2=-2 a=10
a—2laudccunad & a_9_9 & a4
a—2=-—4 a=—2

a—2=4 a==6

Doi chicu véi dicu kién ciaataco dap sola: a = 0;a = L,a = 3;a=4;a =6

Bai 6: Chimg minh rang:
1 1 1
) — = _
x(x+1) x x+1
1 1[ 1 1 ]
2) — - -
Bx—1)(3x+2) 3(3x—1 3x+2
3 1 11
(x—Dx(x+1) 2|x—-Dx x(x+1)
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Ap dung: T'inh cac tong sau:

1) S, =L+L+L+...+ !
1.2 23 34 n.(n+1)

11
2)S, =—+—+...+
25 5.8 (3n—1)(3n +2)

| 1 1 1
3)S,= + + +..+

123 234 345 n(n+1)(n+2)
1. MOT SO Vi DU VE UNG DUNG BIEN POI PAI SO TRONG GIAI TOAN:

Bai 1: Tim gia tri nho nhit cua biéu thirc A = 2x* — 6x + 1

Bai gidi:
Bién d6i biéu thirc A
A:2(x2 —3x)+1

:2[X2—3X+2]+1_g
4 2
2
2 2 2
T s . B 7
Dau dang thtrc xay ra khi X:E.Vay mmA:—E

Bai 2: Tim gia tri nho nhét cua biéu thirc A = (x — 1)(x +2)(x + 3)(x + 6)

Bai gidi:
Bién doi biéu thuc A
A=(x—-1)(x+6)(x+2)(x+3)
= (X2 4—5){—6)(}(2 +5x+6)
= (x* +5x) — 36 > 36
Dau dang thirc xay ra khi x = 0 hodc x = —5. Vidy min A = —36

Bai 3: Tim gia tri nho nhét ciia biéu thic A = x* + xy + y* — 3x — 3y + 2012

Bai gidi:
Bién d6i biéu thic 4A
4A = 4x® + 4xy + 4y° —12x — 12y + 4.2012
=" +2xy + ¥ +3(x* + ¥ +4+ 2xy — 4x — 4y ) + 4.2012 — 12

= (x—y) +3(x+y—2) +4.2000

= A >2009
. x—y=0 x=1
Dau dang thtre xay ra khi & . Vay min A = 2009
x+y—2=0 y=1
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Chuyén dé 3:

BIEN POI CAC BIEU THUC CO CHUA CAN THUC

I. MOT SO PHEP BIEN POI CAN THUC CO BAN:

Bién ddi cin thitc bac hai:

. \/A72 = ‘A‘ (thwdng dung)
(VA) =A (A=0)
JAB=ANB (A>0:B>0)

B B

VA*B =|A|JB (B20)

Chu y: VA 6 nghia khi A>0

Bié&n d3i ciin thiic bac ba:
e YaP-a
o YaB=YAiB
. \f A

YA B =438

S

B=0)

%\

Vidul: 1) Tinh: A=\/%+3\/4_—%\/125

J5+1 Ja-1) 4a+4
Ja 1 Va+1)
Vi du 2: Hay rat gon cac biéu thirc sau:

I)AZ[\/_\/_\/_IJ 1

voi a>0;a#1

2) Rut gon biéu thirc: B = [ "
a f—

V2-1 0 B )T
X 2x—\/§
2)B= — X>0;x=#1
L PR R ( )
: Ja 1 ( 1 2]
Vidu 3: Cho biéuthic K= - : +
(\/5—1 a—\/; \/§+1 a—1

1) Rat gon biéu thirc K.
2) Tinh gi4 tri cua K khi a =3+22
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II. BAI TAP REN LUYEN:

2\/3+\/5—\/13+\/E L

V6 ++2

Bai 1: Chitng minh ding thic :

Bai giai:

2\/3+\/5—\/13+\/4_8 B 2\/3+ V>~ (2\6“)2

V642 B V6 ++2

\/3+‘/5 2\6+1

6+f

C2\3+44-243

- Je+2

2,/3+ (x/§—1)2

J6++2

23431 2243 8+43 (Vo +v2) Jo+2
T V62 Y62 Yoz Sz Yo+

B ¥E

14 Y2 Y2
Bai 2: Chitng minh ding thic : 3 . 2

=1 (1)
1+\/1+\/5 1—,[1—£
2 2

VT(l)=

=1

Bai giai:

VT(l)=

1+— 1——
1+\/T _\/1_7 4+2f \/7

(1+ﬁ)2 (ﬁ—l)z
Ry CSREP A TN
4 4
3B 203 2
2 .2 _ 2 ., 2
L3 B 3443 343
2 2 2 2

_2443 243 2+43)3-3)+(2-V3)(3+43) _3++3+3-\3
T3e43 33 6 6

=1
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4 4o
449+20v6 + 449 20V6 _ 1z W

Bai3: Ching minh ding thic : >

Bai giai:

34942076 + {49206 _ ‘\‘/(5”\%)2 +‘\‘/(5—20\@)2

2 2
‘\*/(5+2\E)2 +‘{/(5—20\/6)2
2

{5 02)" {52

VT(1) =

2
x/§+«/5J2r\/§—«/5=2\/§
a*~a  d*+a

a* +Ja+1 az—\/;+1

Bai 4: Choa >0. Chitng minh ring : +a+l= (\/5—1)2

Huéng dan:
bat an phu: Va = x

3a+9a-3 Ja-2 1
a+va-2  Ja-1 a+2

Bai 5: Xét bi€u thic P =

—1.Tim a d€ |P|=1

Huéng dan:
bat an phu: Ja = x

Bai 6: Rit gon biéu thitc: A= \/\/5—\/ —29-12+/5

Papsé: A =1

V2 +3+/6 +/8+4
J2Bia

Bai 7: Thu gon biéu thic : P =

Papso: P=1++2

-Nx P s

x++x+1 x—x/;+1
Ritgon M véi 0<x <1

Huéng din:

+Pat Vx = a

+Keétqua: M =1—-Jx

x+1

Bai 8: Cho Mz\/

_ (5421174538
5 414-645

Bai9: Tinh gid tri cda bifu thic : A = (3x° +8x2 +2)2°véi x

Huéng din:

, ~ 1
+ Rat gon x s€ dugec x = —

w

+ Thay x vao A s& dugc A = 3*""



http://trithuctoan.blogspot.com/
Bai 10: Cho x=— 2 . . Tinh gi4 tri cGia biéu thic: A= (x* —x°

W2 -1 2+

2007

—x2+2x—1)

Huéng dan:
+ Rut gon x
+ Thay x vao A

Bai 11: Tinh gid tri cda bi€u thic : P =(x* —4x? +3)207

V3109
(V10+3)
J6+19-610

véi gid tri x =

Huéng dan:
+ Rat gon x
+ Thay x vao A

Bai 12: Cho sd x=3/9+44/5+39-445
1) Chitng t6 x 1a nghiém cia phuong trinh x> —3x—-18=0.
2) Tinh x.

Huéng din:

1) Ta co:

x=%/9+4\/§ +%/9—4\/§
o X3 =18+3.x.(%/9+4£%/9—4£)

& x3 =18+3x
x> -3x-18=0

Suy ra x 1a nghiém ctia phuong trinh x> —3x—18=0
2) Giai phuong trinh (1) dugec x = 3

Bai 13: Chitng minh ring x—i/3+‘/9+%—i/ 3+,/9+% 12 mot s6 nguyén.

Huéng din:
Gidi tuong tu bai 12

Bai 14: Chitng minh riing s6 : x, =\/2+\/2+\/§ —\/6—3\/2+\/§

12 mot nghiém ctia phuong trinh : x* —16x> +32=0.
Bai giai:
Bién d6i phuong trinh:
4 2 2 o\
=162 +32 =0 (x* -8) =32 (1)

Ta s& chimg minh: (x? —8)° = 32

That vay:
xo—\/2+ NG \/6 3243 = x2 =8-2y2++/3 - 2,/3

= x2-8=-22+3 -2 /3 2- 3
= (x3-8) =4(2+V3+6-3V3-33(4-3) =32

Vay x, la nghiém ctia phuong trinh x* —16x> +32=0
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Bai 18:
1) Chirng minh rang : 1 _ 1
"(n+1)vm+nyn+1l n Jn+l
2) Tinh tong:
g 1 1 1 1

= + + ot
242 3V2 4243 43 +3V4 100+/99 + 994100
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Chuyén dé 4: -
PHUGONG TRINH PAI SO

Nhiic lai:
1) Mot s6 phép bién doi twong dwong phwong trinh thwong sir dung

a) Chuyén vé mot biéu thirc tir vé nay sang vé kia (nh¢ ddi ddu cua biéu thirc).
b) Nhén hoic chia hai vé ctia phuong trinh véi mét hing sb (khac 0) hodc voi mot biéu thirc
(khac khong).
¢) Thay thé mot biéu thirc boi mot biéu thirc khac bang vai biéu thie do.
Chi v: St dung ddu < khi thyuc hién cac phép bién ddi twong dwong.
Luuy:
+ Chia hai vé ciia phuong trinh cho biéu thirc chita an dé phong mat nghiém.
+ Binh phwong hai vé ctia phuong trinh dé phong du nghiém.

2) Cac budc giai mot phudng trinh
Buéc 1: Tim diéu kién (n€u c6) clia 4n s6 dé hai v€ clia pt c6 nghia
BuGc 2: St dung cdc phép bién ddi tuong duong dé bién ddi pt d€n mot pt da bi€t cach giai
Budc 3: Gidi pt va chon nghiém ph hgp ( n€u c6)
Buéc 4: K&t luin

I. Phuong trinh bac nhat:

X:4nsd
1. Dang : ax+b=0(1) ’
a,b:tham so

2. Gidi va bién luin:

Ta c6 : (1) @ax=-b (2)

e Néua#0thi (2) < x=—2
a

e N&ua=0thi(2)trd thainh 0.x = -b
* N&éu b #0 thi phuong trinh (1) vo nghiém
* N&€u b = 0 thi phuong trinh (1) nghiém ding v6i moi x
Toém lai :

e a #0:phuong trinh (1) c6 nghiém duy nhat X = —B
a

e a=0vab #0: phuong trinh (1) vd nghi€ém
e a=0vab=0:phuong trinh (1) nghiém ding v6i moi x

Ap dung:
Vi du : Gidi cdc phuong trinh sau: m’Xx +2=Xx+2m
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3. Diéu kién vé nghié¢m sé ciia phuong trinh:

Dinh ly: Xét phuong trinh ax +b=0 (1) ta cé:
e (1) c6 nghiém duy nhat < a=#0
a=
e (1) vo nghi€ém =
(1) v6 nghig {b 20
. .. a=0
e (1) nghiém ding vi moi x < { B
Ap dung:
Vidu:

1) Véi gid tri nao cua a, b thi phuong trinh sau nghiém didng v6i moi x
at—(x+Dha*+x-b=0
2) V§i gid tri ndo ctia m thi phudng trinh sau ¢6 nghiém
Xx—-m x-2

x+1 x-1

I1. Phuong trinh bac hai: ax*+bx+c=0 (1) (a=#0)

1. Céch gidi:
Tinh biét s6 A=b*—4ac  (hoic A = b —ac v6ib =§)

@ Né&u A <0 thipt (1) vd nghiém

. . . b '
& Néu A=0 thipt(1l)co nghi€m s6 kép x, =x, =—2— (x =x, =—£)
a a

—b+A (x AN

& Né&u A >0 thipt (1) ¢6 hai nghiém phan biét X, = =)
a

3
_l’_
x—2 6—x

a

Vi du: Giai phuong trinh =2

2. Trudng hgp dic biét:

& Né&u pt (1) ¢6 cdc hé s6 thod man a+b+c = 0 thi pt (1) c6 hai nghiém 1a x, =1 vax, = ¢
a

& Né&u pt (1) c6 cdc hé s6 thod man a-b+c =0 thi pt (1) c6 hai nghiém1a x, =-1 vax, = £
a

3. Piéu kién vé nghiém sb ctia bic hai:

Pinh 1y : Xét phuong trinh :  ax”+bx+c=0 (1) (a=0)
& Pt (1) vdo nghi€ém = A<O
& Pt (1)c6 nghiém kép & A=0
& Pt (1) c6 hai nghi€ém phin biét = A>0
& Pt (1)c6 nghiém ( hodc c6 hai nghi€m) & A>0

Pac biét :
Néu pt(1) c6 hé s6 a,c thod a.c < 0 thi pt(1) ludn c6 hai nghiém phan biét.
4. Pinh Iy VIET d6i véi phuong trinh béc hai:
< Pinh Iy thuin: N&u phuong trinh bic hai: ax’ +bx+c=0 ( a#0) c6 hai nghiém x, x, thi

b
S=x+x,=——
a

c
P=x.x,=—
a
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“ Dinhly ddo: NE&uc6 haisd x,y ma x+y=S va x.y=P (S®>4P) thi x,y 1a nghiém cla
phuong trinh

X*-SX+P=0

& Y nghia ctia dinh Iy VIET:
Cho phép tinh gid tri cdc bi€u thiic d6i xitng clia cdc nghiém va xét diu cdc nghiém ma khong cin
gidi phuong trinh .
Biéu thitc d6i xdng giita cic nghiém x;va x, ctia phudng trinh ax” + bx + ¢ =0
1a bi€u thiic c6 gi4 tri khdng thay ddi khi ta hodn vi x; , X,
Ta c6 thé biéu thi dugc cac bi€u thiic ddi xing giita cic nghiém x,, X, theo S va P

ViDU:
Ky hi¢u S, =X +X;. Ta lan lugt c6:
S, =Xx,+X,=S

S, =x’+x;=(x,+%,)" —2x,x, =S*-2P

S, =x) +x] =(x, +x,) =3%x,x,(x, +x,) =S’ = 3PS
S, =X, +x; =(x] +x2)* =2x;x; =S, - 2P°
S, =x] +x) =(x] +x))(x] +x2) - x/x3(x, +x,)=S,S, - P°S,
Sy =x! +x50=(x] +x))* -2x’x) =S} - 2P°
S, =x] +x] =X +x)(x] +x])-xx3(x, +x,)=S,S, - P°S,
S, =X +x5 =(x{ +x3)* -2x/x; =S} —2P*

9

9 5 S\fod 4 4_4 4
S, =X, +X, =(X] +X))(X; +X;)—X,X,(X, +X,) =SS, —=P°S,
10 10 5 512 5.5 2 5
S, =X, +X, =(x] +X;)" —2x/x;, =S; -2P
Tinh tuong ty cho: Syy, Sio, ...
Vidu 1:
Cho x1, X, l1a hai nghiém ctia phuong trinh:
x’—x—-1=0
1. Hay lap phuong trinh bac hai c6 hai nghiém la 2x; - x, va 2x; - x;
2. Hay tinh gid tri cda biéu thiic
a) A= X, +X, b)B=X; +X) ¢)C= X, +X,
d) D= X} +x3; e)E= X + X fHF = X, +X,
Vi du 2: Cho phuong trinh: x> +5x+2=0
Goi X,, X, 12 cdc nghiém. Tinh gi4 tri cla cdc biéu thic:

a) A=x’+x} b) B = X} +X,

Vi du 3: Goi xi, X, 1a hai nghiém ctia phuong trinh: o 4X\/§ +8=0
Tinh gi4 tri cda cdc bi€u thic:
6x; +10x,x, + 6x;

3 3
5X, X, +5X,X,

Q=

Vi du 4: Cho x1, x» 12 hai nghiém ctia phuong trinh : ax” + bx+c=0 (a #0)
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, 1 1
a) Tinh gid trj cha bi€u thitc : A =—-+— theoa, b, ¢
X X
1 2

1 1 7

b) Ching minh ring : + =
1 1+3)"  (1-B)" 2
¢) Chitng minh ring : (1 + \/5)6 +(1- \/5)6 =198

5. DAu nghiém so cia phuong trinh bac hai:

a. Pinh Iy: Xét phuong trinh bic hai: ax’+bx+c=0 (1) (a=0)
A>0
& Pt (1) c6 hai nghiém dudng phan biét < P>0
S>0
A>0
& Pt (1) c6 hai nghi€ém Am phan biét & P>0
S<0

@ Pt (1) ¢6 hai nghiém trdi dau & P<O

Vi du: Cho phuong trinh: x*> —2(m +1)x +m* —4m + 5 = 0
Dinh m dé phuong trinh ¢ hai nghiém phan biét déu duong.
b. Moi tam thidc bac hai f(x) = ax’+bx+c (a=0) diéu cé thé bi€u di€n thanh

f(x)zax2 +bx+c=at(x+i)2—A
2a 4a

Vi du: Tim gié tri gia tri nho nhét ctia tam thirc f(x) = 2x* 4 5x — 12
Vi du: Tim gié tri gia tri 1on nhét ctia phan thirc ———
x" —x+1
Vi du: Cho phuong trinh: x> —2(m —1)x +2m — 4 = 0
1) Chtiing minh pt (1) ¢6 hai nghi€ém phan biét voi moi m
2) Goi x,,x, la hai nghiém cua pt. Tim GTNN cua biéu thire A = Xf + x§

c. Cong thitc phan tich tam thitc bac hai thanh nhan ti:

N&u tam thitc bac hai f(x)=ax* +bx+c (a=0)
¢6 hai nghi€m Ia x;,x; thi tam thic dugc phén tich thanh :

f(x) = a(x-x1)(x-x2)

Vi du: Phan tich thanh nhan tu biéu thire —2x> —xy+y* +5x—y+2
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d. DAu cua nhi thidc biac nhat f(x) = ax+b ( a#0)
Bang xét dau:

b
X |- -2 +o0
| .
f(x) ‘ Trdi ddu a 0 Cungdiua
Vi du: Giai bit phuwong trinh: 2X 73

3—x

II. PHUONG TRINH BAC BON QUY VE BAC HAI BANG PHEP PAT AN PHU

1.Dang I ax*+bx* +c=0 (a #0)

= Pitan phu : t=x"
Vi du: Gii phuong trinh: 9x* +2x° — 32 =0

2. Dang II. (x+a) (x+b)x+c)x+d)=k (k # 0) trongddé a+b=c+d

= Pit 4n phu : t = (x+a)(x+b)

3.Dang III: (x+a)' +(x+b)' =k (k #0)

0 a+b
<« DPitanphu:t= x+

4.Dang IV: ax* +bx* +cex* £bx+a=0

Chia hai v& phuong trinh cho x*

0 1
& Pitanphy:t= x+—
X
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II1 . PHUONG TRINH BAC BA

ax> +bx* +cx+d=0 (1) (a=0)

1.Céch gidi: Ap dung khi biét dugc mot nghiém ciia phueng trinh (1)
@ Buéc 1: NhAm mot nghiém clia phuong trinh (1). Gid st nghiém 12 x = xo
@ Budc 2: St dung phép CHIA PA THUC hoic so d HOOCNE d€ phan tich v& trai thanh nhan
tr va dua pt (1) vé dang tich so :
S¢ do

a b c d
X0 A B C 0 (s6 0)

Trong doé:
a=A, x,,A+b=B, x,B+c=C, x,C+d=0

(1) < (x-X0)(AX*+Bx+C) =0

X=X,
AxX* +Bx+C=0 (2)
@ Budc 3: Gidi phuong trinh (2) tim cdc nghiém con lai ( néu cé).

Vi du: Giai phuong trinh: x* + 9x* + 11x — 21 =0

IV. CAC PHUONG PHAP GIAI PHUONG TRINH PAI SO

1.Phuong phdp 1:  Bi€n ddi phuong trinh d4 cho vé phuong trinh da bi€t cdch gidi.

2.Phuong phdp 2: Bién ddi phuong trinh di cho vé dang tich s6 : A.B =0; A.B.C =0.
A=0
Pinh 1y: A.B:0<:>[A_ : ABC=0<|B=0
- C=0

3.Phuong phip 3:  Dit 4n phu dua phuong trinh da cho vé dang di biét cach gidi.

4.Phuong phiap 4:  Bién d6i phuong trinh vé hé phuong trinh .

A=0
Pinh 1y1: V6i A=0,B>0 thi A+B:OC>{B_O
. A=0
Dinh Iy 2: Véi A, B bat ky thi A’+B*=0< {B 0o
Dinh Iy 3:

V6i A<K vaB=K (K la hiing s ) thi A=B<:>{B
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B.BAITAP REN LUYEN :
Bai 1: Cho phuong trinh ¢6 4ns6 x : x> —2(m—1)x—3-m =0

1) Ching t6 ring phuong trinh c6 nghiém v6i moi m.
2) Tim m sao cho nghiém s& X, , X, cla phuong trinh thda man diéu kién: x; +x; >10
Bai 2: Cho phuong trinh bac hai 4n x : x> —2mx +2m—1=0.
1) Chitng t6 phuong trinh ¢6 nghiém x; , X, v6i moi m.
2) Pt A = 2(x] +x3)—5%,x,
a) Chitng t6 A = 8m” —18m +9
b) Tim m sao cho A =27
3) Tim m sao cho phuong trinh c6 nghiém nay bing hai nghiém kia.
Bai 3: Cho phuong trinh : (m — Dx*+2(m-Dx-m=0 (4nsd 1a x)
a) Pinh m d€ phuong trinh ¢6 nghiém kép. Tinh nghiém kép nay
b) Pinh m d€ phuong trinh c6 hai nghiém déu Am
Bai 3: Cho phuong trinh : x> —(2m—3)x+m”-3m =0
a) Ching t6 riing phuong trinh luén ludn c6 hai nghiém khi m thay d6i
b) Pinh m d€ phuong trinh c6 hai nghiém x; , xthda 1 < x; < x» < 6.
Bai 4: Cho phuong trinh : (m+2)x> —(2m-Dx-3+m=0
a) Chitng td ring phuong trinh ¢6 nghiém véi moi m
b) Tim m sao cho phuong trinh c6 nghiém nay bing hai nghiém kia
Bai 5: Cho phuong trinh : x> —4x+m+1=0
a) Pinh m @€ phuong trinh ¢6 nghiém.
b) Pinh m dé phuong trinh ¢6 hai nghiém x; , xathéa : x; +x; =10
Bai 6: Cho phuong trinh : x> —2mx+m+2=0
a) Xdc dinh m dé€ phuong trinh c6 hai nghiém khong Am
b) Tinh gid tri cha biéu thitc E=/x, +4/x, theo m.
Bai 7: Cho phuong trinh : 3x> —mx+2=0
Xéc dinh m d€ phuong trinh c6 hai nghiém théa man x; —x; =§
Bai 8: Cho phuong trinh : x* —2(m+4)x+m’ —-8=0
X4c dinh m d€ phuong trinh c6 hai nghiém x, , X, thda man :
a) A=x, +x,—3x,x, dat gid tri I6n nhat.
b) B=x] +xj —x,x, dat gid tri nhd nhat.
¢) Tim hé¢ thic gitta x; , x, khdng phu thudc vao m
Bai 9: Cho phuong trinh : x* —4x—(m”+3m)=0
a) Chiing t6 phuong trinh ¢6 nghiém x; , X, v6i moi m.
b) Xdc dinh m dé : x} +x; =4(x, +x,)
¢) Lap phuong trinh bac hai 4n y ¢6 hai nghiém y, , y, thda min :
Yoo Y _ 3
-y, 1l-y,
Bai 10: Cho phuong trinh : x* —2(m—3)x—-2(m—1)=0

a) Chirng t6 phuong trinh ¢6 nghiém x; , X, v6i moi m.

yi+y2 = X1+ X2 va

b) Goi X , X2 12 2 nghiém cda phuong trinh . Tim gi4 trj nhd nhat cia biéu thic:P=x> +x;.
Bai 11: Cho phuong trinh : mx® +2mx+m’ +3m—-3=0 (1)

a) Pinh m dé phuong trinh (1) v nghiém

b) Pinh m d€ phuong trinh (1) c¢6 hai nghiém phan biét x;,x, thod min : |xl — x2| =1
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Bai 12: Cho phuong trinh : x* —2(m—1)x+2m—-4=0
a) Ching minh ring phuong trinh (1) ¢6 hai nghiém phan biét
b) Goi x1,X; 1a hai nghiém phin biét clia phudng trinh (1)
Tim gid tri nhé nhitcla y=x’ +x,’

Bai 13: Giai cdc phuong trinh sau:
L.x*=10x>+9=0
2.(x+D(x+2)(x+3)(x+4)=3
3. (X +3x -4 (x*+x-6)=24
4.(x-2)"+(x-3)* =1
5.x"=3x"—6x"+3x+1=0
Bai 14:
Gidi cdc phuong trinh sau:
1L.x°+6x" +11x+6=0
2.x° +4x> -29x+24=0
3.8 =2x*—x+2=0
Bai 15:
Cho phuong trinh bac ba : x* —(2m +1)x* = (3m* —6m+2)x+3m’ —4m+2=0 (1)
1. Chitng minh ring phuong trinh (1) ludn c6 ba nghiém phan biét x;,x,,x3 trong d6 x;=1 v6i moi m
2. Xdc dinh m d€ bi€u thitc P = x, +|x, — x| dat gid tri nhé nhat. Tim gid tri nhd nhat d6 va cdc nghiém
X1,X2,X3 tuong Ung .
Bai 16: Gidi cdc phuong trinh sau:
2x2+1+ x Tx-6
3x  2x-1 6
2.x 42X +5x7 +4x-12=0
3. (x4+2 7 +(x+3) +(x+4) =2
4. (x+9)(x+10)(x+11) -8x =0
5.4x+D(12x-DBx+2)(x+1)=4
6. %48 T\ e
3 3 x

2:
X

1.

Bai 17:
Cho phuong trinh : x* +2mx* +4=0
Tim gi4 tri ctia tham s& m d€ phuong trinh c6 4 nghiém phin biét x;,X,,X3,X4 thod min
Xt xSt xSt =32



http://trithuctoan.blogspot.com/

Chuyén dé 5: ]
HE PHUONG TRINH PAI SO

1. Hé phuong trinh bac nhit hai 4n

ax+by=c

Dang :
M8 {a2x+b2y=c2

a. Céch gidi : Phép th€ , phép cong .
b. Cac vi du:
Vi du 1: Giai cic phuong trinh sau:

%(x+3)(y+3)—%xy=36

Sx+6y=17 Tx+2y=17
b 2) 3)
I9x—-y=7 3x+2y=5 1 1
—xy——(x-2)(y—-4)=26
S Xy (x=2)(y-4)
Vi du 2: Giai cac h¢ phuong trinh:
2 1
1) X Yy 2) y y
3,61 L s
x y 4 X+y y-x
24 X:%
Péap sb: 1) (X~ ;2
ap SO ){y=48 ) __@
20

Vidu 3: Cho phuong trinh: {12 ;‘;_331;;2 . Tim gi4 tri cua m d¢ hé phuong trinh sau c6 nghiém (x;y)

sao cho x>0,y>0.

. n . 2X+my =35
Vidu 4: Cho hé phuong trinh : @)
3Xx—-y=0
. s 21 A . ‘A 2w 1A 1 m+1
Tim gia tri cia m d€ h¢ (1) cé nghi€m ( x; y) thoda man hé thuc: x -y + —2=—4
m_

II. Hé phuong trinh doi xing :
1. Hé phudng trinh déi xitng loai I:
a.Dinh nghia: P6 13 hé chita hai 4n x,y ma khi ta thay d6i vai trd x,y cho nhau thi hé phuong trinh
khong thay ddi.
b.Céch giai:

Buéc 1: Pit x+y=S va xy=P véi S* > 4P ta duwa hé vé hé méi chita hai 4n S,P.
Buéc 2: Gidi hé méi tim S,P . Chon S,P thod min S* >4P.
Budc 3: V6i S,P tim dugc thi x,y 1a nghiém ctia phuong trinh :

X?>—-SX+P =0 (dinhly Viét ddo).

c.Vidu:
Vi du 1: Gidi cac h¢ phuong trinh sau
| X+y+xy=3 2 X+y+xy=-7
) x’ +y =2 x*+y*=3x-3y=16

Vidu 2:
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BAI TAP REN LUYEN

XZ—Xy—i—y2:7

4

Bai 1: Giai hé phuong trinh:

(x+1D(y+1)=38

Bai 2: Giai hé phuong trinh:
P g |X(X+1)+y(y+1)+xy:17

mx +y=—1
Bai 3: Giai h¢ phuong trinh:
X+y=-m
Tim m dé hé c6 nghiém duy nhat (x;y) théa min y* = x
Pap s6: m = 0;m = —2



http://trithuctoan.blogspot.com/

Chuyén dé 6: - 5
BAT PANG THUC

1. S6 thuc duong, s6 thuc Am:

e N&u x 1a s6 thuc duong, ta ky hiéu x > 0

e N&u x 1a s6 thuc Am, ta ky hiéu x <0

e N&u x la s6 thuc duong hodc x= 0, ta n6i x 12 s6 thyc khong am, ky hiéu x>0

e N&u x 1a s thuc 4m hoiic x= 0, ta néi x 12 s6 thuc khong duong, ky hiéu x <0
I1. Khdi niém bat ding thic:

1. Dinh nghia : S6 thyc a goi 12 16n hon sd thuc b, ky hiéu a > b néu a-b 12 mdt sd dudng, tifc
1a a-b > 0. Khi d6 ta ciing ky hi€ub <a
Ta cé: a>bsa-b>0
e N&u a>b hoic a=b, ta viét a>b. Ta cé:
azbh < a-b>0

uy udc :
e Khi néi vé mot ba't ding thitc ma khdng chi 16 gi hon thi ta hi€u ring d6 1a mot bat
ding thic ding.
e Chitng minh mot bat ddng thic 1a chitng minh bat ding thifc d6 ding
II1. Céc tinh chat cd ban clia bat ding thic :

, . a>b
1. Tinh chat 1: { =a>c
b>c
2. Tinh chat 2: a>bsa+ce>b+c
Hé qua 1: a>bsa-c>b—c
Hé qua 2: a+c>besa>b-c
, . a>b
3. Tinh chat 3: =a+c>b+d
c>d
. , ac>bc néu ¢>0
4. Tinh chat 4: a>be ;
ac<bc néu c<0
Hé qua 3: a>bo —a<-b
a b
—>— néu c>0
Hé qua 4: a>bs{¢ ¢
a .
—<— néu c<0
c ¢
. . a>b>0
5. Tinh chat 5: = ac>bd
c>d>0
6. Tinh chat 6: a>b>0<:>0<l<%
a
7. Tinh chat 7: a>b>0,neN"=a">b"
8. Tinh chat 8: a>b>0neN' = %a>1b
Hé qua 5: Né&u a va b 12 hai s& duong thi :

a>bea’>b?
Né&u a va b 1a hai s6 khong 4m thi :
a>b«a’>b’
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IV. Bat diang thidc lién quan dén gid tri tuyét doi :

x néux>0

1. Dinh nghia: |x|= { B 0 (xeR)
—X neu x<

2. Tinh chat : |x|20 , |x|2 =x, XS|X| , —x£|x|
3.V6imoi a,beR tacé:
o |a+d|<|d|+ ]y
o Ja-b|<|d+]y
o |a+b| =|a|+|b| <ab>0
o |a—b|=|a|+|b| = ab<0
V. Bit ding thifc trong tam gidc :
N&u a, b, ¢ 12 ba canh clia mdt tam gidc thi:

e a>0,b>0,c>0
. |b—c|<a<b+c

) |c—a|<b<c+a
° |a—b|<c<a+b
e a>b>cA>B>C

VL. Céc bat diing thic cd ban :
a. Bat ding thitc Cauchy:

Cho hai s6 khong 4m a; b ta c6 : a;—b > \Jab

Dau "=" x4y ra khi va chi khi a=b

Cho ba s6 khong 4m a; b; ¢ ta c6 : L[HC >i/abc

D4u "=" x4y ra khi va chi khi a=b=c

Tf;ng quat :

Cho n s6 khong 4m a,a;,...a, ta c6 :

DAu "=" x4y ra khi va chi khia; = a,=..= a,

Cic phudng phip co ban chitng minh bat ding thifc :

Ta thuong st dung cac phuong phap sau

1. Phuong phiap 1:  Phuong phap bién ddi tuong duong
Bi&n ddi tuong duong bat ding thifc cAn ching minh d&€n mét bat ding thifc da bi€t ring ding .

Vidu:
Chitng minh cdc bt ding thitc sau:
1. a>+b°+c* 2ab+bc+ca véimoisd thuc a,b.c
2. & +b*+1>ab+a+b v6i moi a,b
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2. Phuong phap 2: Phuong phap tong hgp

Xué't phat tif cdc bat ding thifc ding di bi€t diung suy luin toin hoc d€ suy ra diéu phai chitng
minh.

Vidu 1: a) Cho hai s6 duong a va b thod man 3a+2b=1. Chitng minh: ab < i

b) Cho hai s6 duong a va b thod min ab=1. Chiing minh: 4a+9b>12

Vidu 2: Cho x, y la cdc s6 thuc duong thda man diéu kién X+ y = % Chitng minh ring: 4 + 4L >5
X 4x
Vidu 3: Cho x,y,z 1a cdc s6 duong. Chitng minh ring: (§+Zj(z+£j(£+ij >8
y z\z x)Ix y
Vidu 4: Cho ba s6 duong a, b, ¢ . Chiing minh ring : a+b+c + a+E+C + a+b+c >9
a C
Vi du 5: Cho a,b,c >0 vi abc=1. Chitng minh ring : 2S48 940 1o b+ Je+3

Jo " e

UNG DUNG BAT PANG THUC TiM
GIA TRI LGN NHAT VA GIA TRI NHO NHAT CUA CAC BIEU THUC PAI SO

Phuong phap:

P& tim GTLN ciia biéu thitc A (phu thudc vao mdt hay nhiéu bi€n) ta cé thé thuc hién nhu sau:
Buéc 1: Chitng minh : A < hing s6 M
Bué6c 2: Chira cic bi€n d€ A=M
Buéc 3: K&t luAn GTLN ctia A 1a M.

D& tim GTNN ctia bi€u thitc A (phu thudc vao mdt hay nhiéu bi€n) ta c6 thé thuc hién nhu sau:
Budce 1: Chitng minh : A > hiing s6 m
BuéGc 2: Chiracicbi€ndé A=m
Bu6c 3: K&t luAin GTNN ctia A la m

BAITAP REN LUYEN
Bai 1:
Cho x,y 12 hai s& duong thay ddi sao cho %+% =1. Tim gi4 tri nhé nhat clia cic biéu thifc
a.P=xy
b.Q=x+y
Bai 2:
Cho x,y thay ddi sao cho 0<x<3va 0<y<4.Tim gid tri 16n nhit cla bi€u thic
P = (3-x)(4-y)(2x+3y)
Bai 3:
S& thyc x thay d6i va thod man diéu kién x> +(3—x)> > 5. Tim gi4 tri nhé nhat ctia biéu thifc
P=x'+3-x)"+6x*(3—x)
Bai 4:
Cho x,y 1a cdc s6 duong thod min : x* +y*> =4 . Tim gid tri nhd nhit cia biéu thic
T =ty + (o)
X y
Bai 5:

Cho x,y 12 hai s& duong c6 tong bing 1.Tim gid tri nhd nhi't cia cdc bi€u thic
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1, 1,
a. A=(x+—) +(y+—-)
X y

b. B=2(x" +y4)+L
4xy

c. C =(1+l)(1+l)
X y

Bai 6:
Cho hai s6 duong x,y thay d8i va thod x+y=5. Tim gid tri nhd nhi't clia tdng
1 1
P=—+—
Xy

Chii y : Ngoai cach tim GTLN va GTNN biing cich sit dung bit ding thifc, ta c6 thé st dung phudng
phip diéu kién cé nghiém cta phuong trinh bac hai
Vi du : Tim gid tri I6n nhat va gid tri nhd nhat clia
2 2 2

X H+x+2 x> =5x+7
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Chuyén dé 7

PHUONG TRINH CHUA GIA TRI TUYET POI

I. Pinh nghia va cic tinh chit co ban :

. - A néu A >0
1. Dinh nghia: |A| =

—A néu A<O0
2. Tinh chit :
|A|z0 , |A[ =42

Luu y: JAT = |A]

I1. Cdc dinh 1y cd ban :

a)Pinhly1: VG6iA>0vaB > 0thi A=B < A’=B’
b) Pinh1y 2: VGiA> 0va B> 0thi A>B < A’> B?

II1. C4c phuong trinh co ban & cach gidi :

Phuong phap chung dé giai loai nay 13 KHU DAU GIA TRI TUYET DPOI bing dinh nghia hoic
néng liiy thira.

*Dang1: |A|=|B|<:>A=iB

>0

*Dang2: |A=B< B
A=1B

IV. Céc cach gidi phuong trinh chita gia tri tuyét déi thudng si dung :

* Phuong phdp 1:  Bié&n ddi vé dang co ban

Vidu: Giéi cdc phuong trinh sau :

1) X’ =x-2 =[x’ +2x] 2)[x* —4x+3=x+3
* Phuong phap 2 : S dung phuong phap chia khoang

Vidu: Gidi phuong trinh sau : [x —1|(2x —1) =3
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Chuyén dé 8:
PHUONG TRINH CO CHUA CAN THUC

I. CAC KIEN THUC CO BAN:

1. Céc cong thifc va tinh chit cd ban:
o JA 6 nghia khi A>0
e« JAZ0V6iA>0

Ja2 =[] va

AP =A v6iA=0
JAB=VA~NB khi AB>0
e JAB=V-A-B khi AB<0
2. Cac dinh Iy cd ban:
1.Pinhly 1: V6i ABbatky thi: A=B = A*’=B°

{A néuA>0
A|=

—A n€uA<0

2.Pinh1y2: Vi A,B>0thi : A=B < A’=R’
B>0
3.Pinh Iy 3: JA=B o ,
A=B
s » A=0
4.Pinhly 4: V6i A,B>0thi: A+B=0 < B=0
. 4 2 2 A=O
5.Pinh ly 5: A°+B =0 < B=0

A=K
B=K
II. CAC PHUONG PHAP GIAI PHUONG TRINH CO CHUA CAN THUC:
1. Phuong phap 1: Nang luy thira khit cin thic
Vi du : Gidi phuong trinh :
Lx=1+Vx-2=+2x-3
2. Jx(x=2) ++/x(x =5) = \x(x+3)
1
3. Jx+x+1= ﬁ
4. Ax+1+3x-1=35x
2. Phuong phap 2: Pit 4n phu chuyén vé phuong trinh dai s&
Vi du : Gidi phuong trinh :

6.Pinh 1y 6: V6i A<K vaB>K (K Iahingsd)thi: A=B <:>{

1. 3x% +2x =2Vx> +x +1—-x

2.2 /3’“_1 -
X 3x—1
3. 232 —5¥x =3
3. Phuong phap 3: Dit 4n phu chuyén vé hé phuong trinh dai s&
Vi du : Gidi phuong trinh :
1. V25— x% —410—x2 =3
2. 32— x+Jx-1=1
3. 5V1+x° =2(x* +2)

4. Phuong phap 4: Bi€n ddi phuong trinh vé hé phuong trinh
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Vi du : Gidi phuong trinh :
1. N2x=3++/5-2x =3x* —12x +14
2. x> +4x+5=22x+3
5. Phuong phap 5: Bi€n d6i phuong trinh vé dang tich s&
Vi du : Gidi phuong trinh :

(Wx+5-Vx+2)A+vVx?+7x+10)=3

6. Phuong phap 6: Bién d6i phuong trinh vé phudng trinh c6 chita gia tri tuyét ddi
Vi du : Gidi phuong trinh :

1. \/x+3+4\/x—1 +\/x+8—6\/x— =5

2 Jx+243¢2x—5 +yx-2-2x-5 =22
IL. BAI TAP REN LUYEN:
Bai 1: Cho phuong trinh : x+2Jx—1-m?>+6m-11=0
a. Gidi phuong trinh khi m=2
b. Chitng minh ring phuong trinh ¢6 nghiém v4i moi m
Bai 2: Cho phuong trinh : x —Jx+l=m (1) trong d6 m 1a tham so
a. Gidi phuong trinh (1) khi m=1
b. Tim t4t c4 cdc gi4 tri cia m d€ phuong trinh (1) ¢6 hai nghiém phan biét.
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Chuyén dé 9: .
HINH HQC PHANG

A. Kié&n thitc bd sung quan trong :

1.Dinh ly Ménélaus:

Cho ba diém A’,B’,C’ 1an lugt nim trén ba dudng thezlng chita ba canh BC,CA,AB ctia tam gidc ABC sao
cho trong chiing hoic khong c6 diém nao, hoic cé ding hai di€m thudc canh tam gidc ABC. Khi d6:

[A',B',C' thing hang j N {A,—B BC 2—1}

2. Pinh ly Céva:
Cho ba diém A ,B’,C’14n lugt thudc ba canh BC, CA, AB . Khi d6

[ AA',BB,CC’ déng quy tai mot diém 1] {ﬁ Bc ﬂ 1}

C
3. Ti so dién tich :
Cho hai diém M, N niim trén hai dudng thing chifa hai canh AB va AC ciia tam gidc ABC ta luon c6 hé
thic :
dt(AAMN) AM AN
dt(AMABC)  AB AC

4. Ping thic Ptolémée:
Cho tif gidc ABCD ndi ti€p dudng tron (O) ta ludn c6 hé thic:
AC.BD=AB.CD+AD.BC
5. Bat ding thic Ptolémée:
Cho tit gidc ABCD ta luén c6 : AC.BD < AB.CD + AD.BC
Ping thifc x4y ra khi va chi khi ABCD noi ti€p dudng tron
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6. T\t gidc noi ti€p:
Cho ti gidc ABCD c6 hai dudng chéo cit nhau tai N , hai dudng thing AB,CD cdt nhau tai M . Khi d6 cédc
diéu sau tuong duong :
i. T gidc ABCD ndi ti€p
ii. ACB=ADB
iii. ABC+ADC =180°
iv. MA.MB=MC.MD
v. NA.NC=NB.ND

7. Piéu kién ti€p xic :

Cho tam gidc ABC va diém S thudc tia ddi cta tia BC. Khi d6 cdc ménh dé sau tuong duong
i. SA ti€p xtic v6i dudng tron ngoai ti€p tam gidc ABC
ii. ACB = BAS

A
iii. SA%2 = SB.SC
[— "
C

B. Cac bai toan luyén tap:
Bai 1: Ching minh riing trong mot tam gidc ABC, néu c6 ba dudng thing AA ,BB,CC cit nhau
tai mot diém K niim trong tam gidc (A € BC,B € AC,C € AB) thi

n

2) KA KB K C
AA BB C c

b) AK BK CK
AA BB C c

0 AK AB AC
KA B C CB

Bai 2: Trén trung tuyén AD ctia mot tam gidc ABC, cho mot diém K sao cho AK=3KD;BK cit
AC tai P. Tinh ti s6 dién tich hai tam gidc ABP , BCP.

Bai 3: Cho mot tam gidac ABC, mot di€m K trén AB sao cho % = % , mOt di€m L trén trén BC

L 2 2 9 Ve N 2 N w *A ,
sao cho S_B = T Goi Q la giao di€m cua cac dudng thang AL va CK . Tim dién tich tam

gidc ABC néu biét dién tich clia tam gidc BQC biing 1 (don vi dién tich )

Bai 4: Cho tam gidc ABC . Trén canh AB va BC 1dy Idn lugt hai diém M va N sao cho
AB=5AM, BC=3BN. Goi O 12 giao diém ctia AN vd CM . Tinh ti s8 dién tich ctia tam gidc
AOC va dién tich tam gidc ABC

Bai 5: Cho tam gidc ABC . Goi F 1a giao di€m hai dudng phan gidc trong AD va CF (D thudc BC,

E thudc AB) . Tinh ty s6 dién tich tam gidc ADF va dién tich tam gidc ABC theo ba canh

BC=a,AC=b,AB=c

Bai 6: Cho tam gidc ABC vda AM,BN,CP la cdc dudng phin gidc trong ctia né . Tinh ty s6 dién
tich tam gidc MNP va dién tich tam gidc ABC theo cdc canh BC=a,AC=b,AB=c

Bai 7: Cho dudng tron O va mot diy AB clia dudng tron d6 . Céc ti€p tuyén vé tir A va B clia
dudng tro cit nhau tai C . Ké day CD ctia dudng tron ¢6 dudng kinh OC (D khdc A va B).
CD cit cung AB ciia derng tron (O) tai E ( E ndm giita C va D ) . Chitng minh :

a. BED = DAE b. DE* = DA.DB
Bai 8: Gia st H 1a tryc tAm clia tam gidc nhon ABC. Trén doan HB va HC 14y hai diém M,N sao

cho AMC = ANB =90°. Chting minh ring AN=AM.
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Bai 9: Cho tam gidc ABC c6 A=45".Goi M va N 1an lugt 1a chan duong cao ké tir B va C ctia
tam gidc ABC.

Bai 10:

1. Tinh ty s0 MN
BC
2. Goi O la tAm dudng tron ngoai ti€p tam gidc ABC . Chitng minh ring OA 1 MN
Cho nita dudng tron (O) dudng kinh AB=2R ( R 13 d6 dai cho truc). M, N 13 hai di€ém
trén nira dudng tron (O) sao cho M thudc cung AN va tdng cdc khodng cich tir AB dén
dudng thing MN biing R/3.

1. Tinh d6 dai doan MN theo R
2. Goi giao diém cia hai ddy AN va BM 1a I, giao diém ctia cdc dudng thing AM va BN1a K .

Chitng minh riing 4 diém M,N,LK ciing nim trén mot dudng tron , Tinh ban kinh clia dudng
tron do theo R.

3. Tim gi4 tri 16n nhat clia dién tich tam gidc KAB theo R khi M,N thay d6i nhung vin thda man

Bai 11:

1

gid thi€t clia bai todn .
Cho hinh vuéng ABCD , M la diém thay ddi trén canh BC ( M khong tring v6i B ) va N 1a
di€ém thay d6i trén canh CD (N khong triing v6i D) sao cho:
g6c MAN= g6c MAB + géc NAD
. BD cidt AN vad AM tuong tng tai P va Q . Chitng minh 5 diém P, Q, M, C, N ciing nim
trén mot dudng tron

2. Chting minh ring dudng thing MN ludn ludn tiép xtic véi mot dudng tron cd dinh khi M

va N thay déi

3. Ky hiéu dién tich ctia tam gidc APQ la S; va dién tich cta t& gidc PQMN la S,. Chiing

Bai 12:

Bai 13:

minh ring tf s6 % khong thay ddi khi M va N thay déi.
2

Cho tam gidc ABC c6 dudng cao BD . Gid stt (C) 1a mot dudng tron ¢6 tAim O nim trén
doan AC va lan lugt ti€p xic v6i BA, BC tai M va N

1. Chitng minh ring 4 di€ém B, M, D, N nim trén mot dudng tron

2. Chirng minh ring géc ADM = géc CDN
Cho tt gidc 161 ABCD , ¢6 hai dudng chéo AC, BD vudng géc véi nhau va bing nhau .
Gia st AB = \/g;BC = \/E;CD =3 . Trén nita mit phiang vdi bd 12 dudng thing AC
khong chita di€ém B , dung hinh vudng ACMN . Trén nita mit phing vdi bd 12 dudng
thing MD khong chita diém N , dung tia Mx vudng géc v6i MD va 1ay diém E thudc tia
Mx sao cho ME =MD

1. Chitng minh réng 4 diém C,D, M, N thudc mdt dudng tron

2. Tinh cédc gbc cia tit gidc ABCD.
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Chuyén dé 10:

LY THUYET SO

L. Phép chia hét:
1. Pinh Iy ¢ ban vé phép chia:
Choab €Z va b =0, khi d6 c6 hai s6 nguyén q, r duy nhit sau cho a=bq+r v6i 0 <r <|b|

Nhin xét :

Va,beZ(b;ﬁO),EIq,reZ,OSr<|b|:a=bq+r

e Choab eZ vab #0.Khichiaachobcé thé xdy ra [b| s6 dula :0,1,2,...,|b|-1

e Khi chia n+1 s& nguyén cho n (n>1) ludn c6 hai s& cuing sd du
e Tich clia n s6 nguyén lién ti€p ludn chia h&t cho n
2. Phép chia hét:
a.Pinh nghia: Cho a,b € Z va b #0 .Ta ndi a chia hét cho b, ky hiéu 1a a:b, n€u ton tai s&
nguyén q sao cho a=bq

dn
a:b<3q eZ sao cho a=bq

Khi a chia h€t cho b thi ta néi b 12 uc cia a va ky hiéu b|a

S6 nguyén dudng a>1 chi ¢6 hai udc duong 1a 1 va chinh né goi la s6 nguyén t5 . Tap hdp
céc s6 nguyén td ky hiéu1a ¢ . Cdc so tu nhién 16n hon 1 va khong phdi 13 s6 nguyén to
thi goi 1a hgp sd.

UCLN cia hai s6 nguyén duong a va b 1a s6 nguyén duong 16n nhat chia h€tchocd ava b
ky hiéu: UCLN(a,b) hay (a,b).BCNN cia hai s6 nguyén duong a va b 12 s6 nguyén dudng
nhd nhat chia hét cho cd a va b, ky hiéu: BCNN(a,b) hay [a,b]

Hai s nguyén a va b dugc goi 1a nguyén td cling nhau , ky hiéu (a,b)=1, néu u6c chung
16n nha't cia né 1a 1

b. Tinh chat: Cho a,b,c,meZ; c;m=>1.Khido:

a) abbic=aic

b) ambm=atbhim

c) abic,(bc)=1=a:c

d) aib,aic,(b,c)=1=a:bc

e) Cho pep.Khid6: ab:p= a:phodcb:p

Nhin xét:

Trong n s6 nguyén lién ti€p (n>1) ludn c6 mot va chi mot s6 chia hét cho n.
Tich clia n s& nguyén lién ti€p (n>1) chia hét chon .

VéineNtacod: a"—b"=(a-b)a""' +a"’b+...+ab" > +b"")

V6inlé tacé :a"+b"=(a+b)a"" —a"b+..—ab" > +b"")

Suy ra:

* abeZvaa#bthia"-b":(a-b) (neN)

* gbeZ, nlévia-x-bthia"+b":(a+b)

* aq,beZ,nchinvaa=#-bthia"-b":(a+b)
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e Chia n cho p ta dugc cdc s6 du'la 0,1,2,...,p-1. Pdc biét khi p 1é ta ¢6 th€ viét:

n = kp+r véi r = O,il,...,ipT_l

Vidu 1:
Chidng minh ring :
1. Tich hai s6 chdn lién ti€p chia hé&t cho 8
2. Tich ba s6 nguyén lién ti€p chia hé&t cho 6
3. T6ng 1ap phuong cla ba s& nguyén lién ti€p chia hé&t cho 9
Vidu 2:
Chitng minh riing v6i moi s& nguyén m,n:
1. n* +11n'6
2. mn(m® —n*):3
3. n(n+1)(2n+1):6
Vidu 3:
V6i n chdn, chitng minh ring : 20" +16" —3" —1:323
Vidu 4:
Chitng minh riing vdi n 1a s6 tu nhién :
111" 412212133
2.5"7 +26.5" +8"*:59
3.7.5"+12.6":19
II. Pong du :
1. Pinh nghia: Cho a, b 12 c4c s6 nguyén va n la s6 nguyén duong . Ta néi a ddng du véi b theo
theo modun n né€u a va b c6 cing s& du khi chia cho n , ky hiéu: a = b(mod n)

a=b(mod n) < a-bin

Nhin xét:
e Trong trudng hgp |b| <n thi:

a=b(mod n) cé nghia la chia a chomcé dula b

Dic biét : a=0(mod n) c6 nghia la a chia hét chon

2. Tinh chat: Cho a,b,c € Z,ne N . Khi d6 :

e NéEua=b (modn)vab=c (modn)thia=c (modn)

e Né&ua=b (mod n) thi a+c =b+c (mod n)

e Né&ua=b (mod n) thi ac = bc (mod n)

e NéEua=b (modn) thia" =b" (modn)

e (a+b)" =b" (mod a), a>0
3. Pinh ly FETMAT:

N&u p 12 s6 nguyén t& thi n” =n (mod p)

(n” —n chia hét cho p) v6i moi s& nguyén n

Dac biét:

Cho p e p,(a,p)=1. Khi d6 :
a”' =1 (mod p)
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Vidu 1:
Ching minh ring :
1. 2292 _4:31
2. 22227 5555722217
Vidu 2:
1. Tim du trong phép chia 3*°” chia cho 13
2. Tim du ctia phép chia 2004**** chia cho 11
II1. S6 nguyén to & hgp s6 va sé chinh phudng & s khong chinh phuong_ :
1. S6 nguyén to & hgp so:
a. Pinh nghia:
* 86 ty nhién a (a>2) goila s6 nguyén td néu a chi c6 udc s6 duong 1a 1 va chinh a.
* Hgp s6 1a s tu nhién 16n hon 1 va c6 nhiéu hon hai u6c s6 .
b. Pinh Iy co ban cta s6 hoc:
Moi s& 16n hon 1 déu phan tich dudc ra thira s6 nguyén t& mot cich duy nhat ( khong k& thif tyf cdc
thira s9).
Pinh Iy:
Moi s& tu nhién a > 1 déu c6 thé phan tich dugc dudi dang: a=p,".p,”...p," , trong d6 p1,p2,...,k
12 cdc s6 nguyén t& phian biét , ny,n,,...,ny 12 cdc sd tu nhién, k e N°
Dang phan tich trén 12 duy nhat va goi 12 dang phan tich tiéu chuin ctia s6 ty nhién a.
2. S0 chinh phuong & so khong chinh phuong :
a. Dinh nghia s6 chinh phuong :
* SO nguyén a la s6 chinh phudng né€u né la binh phuong cda mdt s6 nguyén ,
titc 12 a=b” , trong d6 b 12 s& nguyén.
a 12 sO chinh phuong < a=b> (beZ)
b. S6 khong chinh phuong :
l.a'pvaaip® (pnguyéntd) = a khong chinh phuong
2. b* <a<(b+1)*véibeZ = akhong chinh phuong
3. a c6 chit s6 tin cling 12 2 ( hoic 3 hoic 7 hoic 8)
hodic a c6 chit s6 hang don vila 6 ma chit sd hang chuc 12 chdn
hoic a ¢6 chit s6 hang don vi khdc 6 ma chit s6 hang chuc 1é
hoidic a c6 chit s6 hang don vi 1a 5 ma chit s6 hang chuc khéc 2
hodic a c¢6 chit s6 tin cing 1a hai chif s& 18... thi a khong chinh phuong
4. a c6 mot trong cdc dang sau 3k+2; 4k+2; 4k+3; Sk+2; 5k+3; 6k+2; 6k+5; 7k+3;... thi a khdong
chinh phuong.



http://trithuctoan.blogspot.com/

Chuyén dé 11:
PHUGONG TRINH NGHIEM NGUYEN

Cac phuong phap gidi thudng st dung :
I. Phuong phap 1: Phuong phap ddnh gia mién gia tri clia cac bién
Bai 1: Tim tit cd cdc cip s nguyén (x;y) thda man : y(x—1)=x>+2
Bai 2: Tim x;y €7 théa man : 2x* —2xy=5x—y—19
Bai 3: Tim nghiém nguyén duong ctia phuong trinh : xy2 +2xy—243y+x=0
Bai 4: Tim tit ¢4 cdc nghiém nguyén (x;y) cia phuong trinh : (x2 +y)(x+ y2) =(x —y)3
Bai 5: Tim tit cd cdc nghiém nguyén (x;y) clia phuong trinh : 7(x +y) = 3(x* —xy +y*)
Bai 6: Tim tat cd cdc nghiém nguyén (x;y) clia phuong trinh : 12x% +6xy +3y* =28(x+y)
Bai 7: Tim cédc s6 nguyén x,y thda min ding thic
2yzx+)c+y+1=x2 +2y2 +xy
Bai 8: Tim céc s6 nguyén x,y thda méin ding thirc
X+ xy+y? = x%y?
I1. Phuong phap 2: Phuong phap dua vé phuong trinh tich
Bai 1: Tim x; y nguyén thda man cdc phuong trinh sau:
1.x*+2y* +3xy+3x+5y=15
2. 2x* +6y2 +7xy—x—y=25
3. 9x2 —10y* —9xy+3x—5y=9
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Chuyén dé 12:

Bai 1:

Bai 2:

Bai 3:

Bai 4:

Bai 5:

Bai 6:

Bai7:

Bai 8:

Giai todan bing cach 1ap phuong trinh hoiic
hé phuong trinh

LAay mot sd tu nhién ¢6 hai chif s6 chia cho s6 vi€t bdi hai chit s& Ay ¢6 thit tw ngudc lai thi dugc
thuong 12 4 va dula 15. N&u 14y s8 d6 trir di 9 thi dugc mot sd bing tdng binh phuong clia mdi chit
s6 d6 . Tim sd tu nhién Ay

Tim mdt s6 c6 hai chif s6 , biét riing chit s6 d6 gap 7 1an chif s& hang don vi cia né va néu dem s6
cn tim chia cho tdng cdc chif s6 clia né thi dugc thuong 13 4 va s du'la 3.

Cho mot s6 gdm hai chit s6 . Tim s d6 , biét riing tdng 2 chit s& ctia né nhé hon sd d6 4 14n va
thém 45 vao tich cta 2 chit s6 d6 s& dugc sd viét theo thit tw ngugc lai v6i s6 da cho

Téng céc chif s6 cia mot s ¢6 hai chit s6 bing 6 . N&u thém vao d6 18 thi s thu dudc ciing viét
bing chif s6 d6 nhung theo thit ty ngudc lai. Hiy tim s6 do.

Chir s& hang chuc ctia mot s6 ¢6 hai chit s6 hon chif s6 hang don vila 5. N&u d6i chd hai chit s&

~ A A1y 3 ~ A s ~ A
cho nhau s€ dudgc mot s6 bang 3 s0 ban dau. Tinh s6 ban dau.

Cho mot s& gdm hai chif s6 . Tim s6 d6 , biét riing tong hai chit s& ctia né nhé hon s& dé 6 1an va
thém 25 vao tich clia hai chit s6 d6 s& dugc mot s6 viét theo thit ty ngugc lai vdi s6 da cho

Tim s6 tu nhién c6 hai chif s6 , bi€t ring néu dem s d6 chia cho tdng cc chit s& clia né thi dugc
thuong 4 va dula 3, con néu dem s6 d6 chia cho tich cdc chit s& ctia n6 thi dudc thuong 1a 3 va du
1a 5.

Mot s& nguyén duong c6 hai chif s6 . Bi€t riing tdng clia hai chif s6 clia s& nguyén duong niy biing
tich ctia hai chit s6 cong v6i 1 . Néu 14y tdng cla hai chif s6 nhdn véi 4 thi k&t qua bing ding véi
s6 nguyén duong di cho. Tim s6 nguyén duong c6 tinh chat trén.

Chiic cac em thanh cong--



